Abstract. We show that the height of a nonzero algebraic number α that lies in an abelian extension of the rationals and is not a root of unity must satisfy h(α) > 0.154997.
Introduction
Recall that if α = 0 is a root of an irreducible integer polynomial f (x) = a d i=1 (x − α i ), then the absolute logarithmic height h(α) of α is defined by
where M (f ) = |a| See Garza [7] for a generalization of this. When α lies in an abelian extension of the rationals (i.e., by the Kronecker-Weber theorem, α lies in some cyclotomic field), Amoroso & Dvornicich [1] proved the bound h(α) ≥ log 5 12 = 0.134119 . . . . In particular, if α = 0 lies in a dihedral extension of the rationals, then using m = 2 we see that h(α) ≥ 3 −14 .
Here we establish an improvement to (1.2). We shall assume throughout that α lies in a cyclotomic extension Q(ζ m ), where ζ m is a primitive mth root of unity, and that α = 0 is not a root of unity. As observed by Amoroso & Dvornicich, such a lower bound cannot be replaced by anything larger than h(α 0 ) = log 7 12 = 0.162159 . . . , which is achieved for example when α 0 is a root of 7x 12 − 13x 6 + 7. Explicitly writing one of the roots of this polynomial in the form
where
is a zero of x 6 + 13 7 x 3 + 1, the roots ±α
When 2 | m and αζ u m ∈ Q(ζ m/2 ) for any u, Amoroso & Dvornicich also obtained the stronger bound
This is sharp, as one may verify for example by using
which has minimal polynomial x 4 − x 3 + 1 2 x 2 − x + 1, or by using
which has minimal polynomial x 8 − 
(1.13)
The bounds (1.11) and (1.13) can probably be improved, but the examples α i with 0 ≤ i ≤ 3 show that the other bounds are sharp, as well as the necessity of the restrictions on the form of any α having smaller height.
From Theorem 1, plainly any abelian α of height below In a subsequent paper, we will show how the approach employed here can also be used to improve bounds of Borwein, Dobrowolski & Mossinghoff [3] and Dubickas & Mossinghoff [6] for the heights of roots of polynomials with all odd coefficients.
Preliminaries & Lemmas
Suppose that α lies in an algebraic number field k, V k is a complete set of absolute values on k, normalised so that
, and ||x|| v coincides with the usual absolute value or p-adic absolute value on Q. Then
and h(α) = log H(α). The normalisations ensure that these values do not depend upon the choice of k.
In view of Schinzel's bound (1.1), we can assume that
If p | m, define σ p to be the generator for Gal(Q(ζ m )/Q(ζ m/p )), so that σ p (ζ m ) = ζ p ζ m for an appropriate primitive pth root of unity ζ p .
Lemma 2.1. Suppose that α is a nonzero element in an algebraic number field k and S a finite set of finite places on k. Then there exists an algebraic integer β in k such that αβ is an algebraic integer and
Proof. Let P denote the set of primes p such that either v | p for some v in S, or v | p and |α| v > 1, and let S 0 denote the set of places w on k with w | p for some p ∈ P (in particular S ⊆ S 0 and |α| v ≤ 1 for all v ∈ S 0 ). By the Weak Approximation Theorem (e.g., [4, Theorem 3.1]), there exists β 0 ∈ k with
,|α|w} and |αβ 0 | w ≤ 1 for all w ∈ S 0 . Let Q denote the primes q such that |β 0 | w > 1 for some w | q (note Q ∩ S 0 = φ). By the Chinese Remainder Theorem, there is an integer n such that n ≡ 0 (mod q αq ) for q ∈ Q and n ≡ 1 (mod q αq ) for q ∈ P , with the α q chosen large enough so that |q| αq w |β 0 | w < 1 for all w | q and q ∈ Q, and |q| αq w |β 0 | w < 1 max{1,|α|w} for all w | q and q ∈ P . Thus β = nβ 0 will satisfy |β| w = |n| w |β 0 | w ≤ 1 for w | q, q ∈ Q, |β| w ≤ |β 0 | w ≤ 1 for w | q, q ∈ Q ∪ S 0 , and |β| w = |(n − 1)β 0 + β 0 | w = |β 0 | w = 1 max{1,|α|w} for w | q, q ∈ S 0 . Thus |β| v ≤ 1 and |αβ| v ≤ 1 for all v ∞, and β and αβ are algebraic integers, as claimed.
, and for each k = 0, . . . , p − 1, we have that
For v p, statements (iii) and (iv) are trivial. From Lemma 2.1, there must exist an algebraic integer β such that αβ is an algebraic integer, but |β| v = 1/ max{1, |α| v } for all places v | p. Hence when p m and v | p by (i) we have
Similarly, when p | m and v | p, by (ii) we have
Lemma 2.3. Suppose that α ∈ Q(ζ m ) and α = 0. 
where λ 3 σ(λ) has minimal polynomial 11 
the supremum is 2 k (t − 1), achieved at z = −1.
Proof. Writing z = e iθ , u = cos θ, it is readily checked that
3 , then as long as β = 1 when k > 0, β is not a zero of 7x 2 + 13x + 7 when t > 0, and β is not a zero of 8x 2 + 11x + 8 when s > 0, we have A = 0. Thus, writing h(α) = log H(α), where H(α) = v ∞ max{1, |α| v }, the product formula produces Hence h(α) ≥ log 3 1.5k+l+3t+3s / √ M 6(k + l + 2t + 2s) .
When β = 1, by taking s = t = 0, k = 6, and l = 1, we have M = 3 20 /7 7 , achieved at u = −13/14, producing h(α) ≥ 1 12 log 7. When β = 1 and β is not a zero of 7x 2 + 13x + 7, taking s = 0, k = 14, l = 0, and t = 1, we have M = (3/2) 48 , achieved at u = −11/16, giving h(α) ≥ 1 4 log 2. When β = 1 and β is not a zero of 7x 2 + 13x + 7 or 8x 2 + 11x + 8, then choosing k = 303, l = 0, t = 37, and s = 17 yields h(α) ≥ 0.174878. The restrictions on α (corresponding to the restrictions on β) needed for these bounds follow from Lemma 2.3, parts (ii) and (iv).
For 2 | m, we assume β = α 2 /σ 2 (α) 2 = 1, and take
